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The tunnel junction between tip and sample in a scanning tunneling microscope is an ideal platform to access
the local density of states in the sample through the differential conductance. We show that the energy resolution
that can be obtained is principally limited by the electromagnetic interaction of the tunneling electrons with the
surrounding environmental impedance as well as the capacitative noise of the junction. The parameter tuning
the sensitivity to the environmental impedance is the capacitance of the tunnel junction. The higher the junction
capacitance, the less sensitive the tunnel junction to the environment resulting in better energy resolution. Mod-
eling this effect within P (E)-theory, the P (E)-function describes the probability for a tunneling electron to
exchange energy with the environment and can be regarded as the resolution function of the tunnel junction. We
experimentally demonstrate this effect in a scanning tunneling microscope with a superconducting aluminum
tip and a superconducting aluminum sample at a base temperature of 15 mK, where it is most pronounced.
PACS numbers: 73.40.Gk, 74.55.+v, 74.50.+r
Scanning tunneling spectroscopy has evolved into one of
the most versatile tools to study the electronic structure in
real space with atomic precision [1–3]. The differential con-
ductance measured through the tunneling contact directly ac-
cesses the local density of states of the sample. With the grow-
ing interest in phenomena with extremely sharp spectral fea-
tures on smaller and smaller energy scales, the demand for
higher and higher spectroscopic energy resolution increases.
Examples are the Kondo effect [4], Yu-Shiba-Rusinov states
[5, 6], Majorana fermions [7], or the Josephson effect [3, 8, 9],
just to name a few. Aside from the obvious strategy of low-
ering the temperature to increase the energy resolution [11],
superconducting tips have successfully been employed to cir-
cumvent the broadening effects of the Fermi function in the
tunneling process and greatly improve the energy resolution
[6, 12]. However, at low temperatures, other energy scales
such as the charging energy EC of the tunnel junction may
become important limiting the maximum achievable energy
resolution. The question arises whether the tunneling pro-
cess encompasses an intrinsic resolution limit, however small
it may be, which cannot be overcome.
The principal properties of a tunnel junction can in many
cases be satisfactorily described by the tunneling resistance
[13]. However, there are instances, where the capacitance of
a tunnel junction has to be taken into account as shown in
Fig. 1(a). This is the case if the capacitance is small and the
fact that the transport of charges across the junction is actually
quantized becomes important [14–16]. An electron tunnel-
ing from one capacitor plate to the other leads to a “sudden”
change of the electric field in the close vicinity of the tunnel
junction. A back action of the surrounding electromagnetic
impedance may lead to the emission or absorption of a photon
by the tunneling electron accompanied by a loss or gain in en-
ergy, respectively. This is schematically shown in Fig. 1(b) for
an STM, where the electron tunnels from the tip to the sam-
FIG. 1: (a) Schematic drawing of an STM tunnel junction consist-
ing of tip and sample. The equivalent circuit diagram is represented
by a tunneling resistor RT and the junction capacitance CJ . (b)
Schematic energy diagram showing the energy loss of an electron
tunneling in an STM from the tip to the sample. Interacting with the
surrounding environment, the electron loses energy according to the
probability given by the P (E)-function.
ple and loses a photon to the environment. In addition, the
thermal noise of the junction capacitance becomes apprecia-
ble for small capacitance values. These effects may be small,
but they are non-negligible at low temperatures, especially in
the context of ultimate energy resolution.
The so-called P (E)-theory quantifies the energy exchange
with the environment, where the P (E)-function describes the
probability of a tunneling electron to emit or absorb a photon
to or from the environment [4, 5, 15, 16, 18]. The P (E)-
theory has already been successfully applied in many in-
stances, where tunneling electrons interact with the surround-
ing electromagnetic impedance. Examples are the Joseph-
son effect in the charge tunneling regime [4, 21], as well as
general dynamic Coulomb blockade effects [14, 15, 22, 23].
These two examples represent special conditions: tunneling
of Cooper pairs and tunneling in a high-impedance environ-
ment, respectively. Nevertheless, the P (E)-theory should
2also apply to a general tunnel junction. Pekola et al. have
very nicely described a contribution to the superconducting
density of states (i. e. the Dynes parameter) by environmen-
tally assisted tunneling through a normalconductor-insulator-
superconductor junction [24]. However, they did not general-
ize their findings to the general properties of a tunnel junction.
In this Letter, we show that the photon exchange of tunnel-
ing electrons with the surrounding environment in conjunc-
tion with the capacitative junction noise represents a principal
limit of the energy resolution in spectroscopic measurements
using tunnel junctions. In this regard, the P (E)-function rep-
resents the resolution function of a particular tunnel junc-
tion. Using a scanning tunneling microscope operating at
15 mK [1], we independently characterize the P (E)-function
of a superconductor-vacuum-superconductor tunnel junction
through its direct relation with the Josephson effect. Sub-
sequently, we demonstrate the impact of the P (E)-function
on the tunneling process by measuring the superconducting
quasiparticle density of states of the same tunnel junction.
We find excellent quantitative agreement of our spectra from
different tunnel junctions with the model calculations includ-
ing P (E)-theory. This leads us to conclude that the P (E)-
function plays a ubiquitous role as a resolution function in the
tunneling process, in particular for energy scales at or below
1 meV.
In order to consider the effects of the capacitance into the
tunneling Hamiltonian, a small operator, which transfers a
quantized amount of charge from one side to the other, has to
be included [15]. The resulting tunneling probability −→Γ (V )
from tip to sample as a function of applied bias voltage is
given by [15, 26]:
−→
Γ (V ) =
1
e2RT
∞∫
−∞
∞∫
−∞
dEdE′nt(E)ns(E
′ + eV )f(E)[1− f(E′ + eV )]P (E − E′) (1)
Here, RT ist the tunneling resistance, f(E) = 1/(1 +
exp(E/kBT )) is the Fermi function, and nt, ns are the den-
sities of states of tip and sample, respectively. By exchang-
ing electrons and holes in Eq. 1, the other tunneling direc-
tion
←−
Γ (V ) from sample to tip can be obtained. Eq. 1 differs
from the standard expression of the tunneling probability by
the convolution with the P (E)-function [11, 27]. If we set
P (E) = δ(E), which means that there is no energy exchange
with the environment and no capacitative noise, the standard
expression for the tunneling current is recovered [28]. It can
be clearly seen that the convolution with the P (E)-function
results in a broadening of the spectral features in the den-
sity of states. The current I(V ), which is measured through
the tunnel junction as a function of applied bias voltage V ,
is the difference of the tunneling probabilities in the forward−→
Γ (V ) and the backward direction←−Γ (V ). The tunneling cur-
rent I(V ) is then:
I(V ) = e
(−→
Γ (V )−←−Γ (V )
)
(2)
The effect of the capacitance in the tunnel junction and the
interaction of the tunneling electrons with the surrounding en-
vironmental impedance has been modeled within the frame-
work of P (E)-theory, where the P (E)-function describes the
probability for a tunneling electron to exchange energy with
the environment. It is commonly defined through the equilib-
rium phase correlation function J(t) as the Fourier transform
of exp[J(t)] [4, 18]. To account for the different dissipation
channels, we define J(t) = J0(t) + JN (t), where J0(t) de-
scribes the phase correlation of the environmental impedance
and JN (t) captures the low frequency capacitative thermal
noise in the junction. This allows us to calculate the P0(E)-
function for the environmental impedance and the PN (E)-
function for the capacitative noise separately. They can be
combined to the total P (E)-function through a convolution
[19].
Because the correlation function is difficult to calculate di-
rectly, we choose an implicit definition for P0(E) [5]:
P0(E) = I(E) +
∞∫
−∞
dωK(E,ω)P0(E − ~ω) (3)
where the two functions I(E) and K(E,ω) are defined in the
supplementary information [19]. The P0(E)-function is pa-
rameterized by the temperature T , as well as the junction ca-
pacitance CJ , and the surrounding impedance Z(ω), which
together form the total impedance:
ZT (ω) =
1
iωCJ + Z−1(ω)
. (4)
In our STM, the tip acts as a monopole antenna, whose
impedance can be modeled in analogy to an infinite transmis-
sion line impedance [3, 4, 19]. The fit parameters are the prin-
cipal resonance frequency ω0 and a damping factor α. The
dc resistance Z(0) is fixed at the vacuum impedance value of
376.73Ω. The PN (E)-function is modeled by a normalized
Gaussian of width σ =
√
2ECkBT to account for the thermal
voltage noise on the junction capacitor. Because both tip and
sample are superconducting, we define the charging energy
EC = Q
2/2CJ using the charge of a Cooper pair (Q = 2e)
[4], which makes it four times higher than the charging energy
3for a singly charged quasiparticle. Including the capacitative
noise has proven essential in previous descriptions of the tun-
neling current as well [3].
The experiments were carried out in an STM operating
at a base temperature of 15 mK [1]. We use an Al tip and
an Al(100) sample [19], which is superconducting at 15 mK
(transition temperature TC = 1.1K). Aluminum has a very
BCS-like density of states with minimal intrinsic broadening
[2], which is why it is an excellent material for demonstrating
the broadening effects in a tunnel junction, as we will show in
the following.
In order to demonstrate the influence of the P (E)-function
on density of states measurements, we have to independently
determine the P (E)-function from a separate measurement.
Since every tip in an STM is slightly different, we have to
determine the P (E)-function for every tip separately. As
both tip and sample are superconducting at 15 mK, the most
straightforward way to experimentally determine the P (E)-
function is through the Josephson effect. In the sequential
charge tunneling regime, where the charging energy EC is
larger than the Josephson energy EJ (which is commonly the
case in a standard STM setup), the current-voltage character-
istics is given by [4]:
I(V ) =
pieE2J
~
[P (2eV )− P (−2eV )] (5)
The Josephson energy EJ , can be regarded as a scaling pa-
rameter here [30]. In this sense, the I(V ) measurement of
the Josephson effect is a direct measure of the P (E)-function
[4, 18].
We have measured the I(V )-characteristics of the Joseph-
son effect for two different aluminum tips, which is shown
in Fig. 2. The tunneling conditions were such that for both
tips the current setpoint was 5 nA at a voltage of 1 meV and
2 meV for tip 1 and 2, respectively. For better comparison, the
current was divided by pieE2J/~. The general features of the
Josephson effect in the sequential charge tunneling regime are
visible, however, the peak in Fig. 2(b) is somewhat higher and
sharper than in panel (a). In addition, the spectrum in panel
(a) shows a broad peak of the principal antenna resonance ω0.
The fits using Eq. 5 are shown as black lines [19]. They agree
well with the measured data. The most significant difference
between the two tunnel junctions is that the junction in the
Fig. 2(a) has a capacitance of CJ = 3.5± 0.2 fF, while in Fig.
2(b) the capacitance is CJ = 7.0± 0.1 fF. The lower the junc-
tion capacitance value CJ is, the more sensitive the junction
will be to the environmentZ(ω) (cf. Eq. 8).
The actual shape of the P (E)-function for the two tips is
shown in Fig. 2(c) and on a semi-log scale in (d). The full
width at half maximum (FWHM) for tip 1 and 2 is 77.2µeV
and 65.4µeV, respectively, which will have a non-negligible
effect on the superconducting density of states. In addition,
the P0(E)-function obeys the detailed balance symmetry [5],
P (E) = exp(E/kBT )P (−E), which makes the function in-
herently asymmetric as can be clearly seen in Fig. 2(d) even
after the convolution with the capacitative noise. With the
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FIG. 2: I(V )-characteristics of the Josephson effect for two different
Al tips on an Al(100) sample. The tunnel junction in panels (a) and
(b) have a capacitance of 3.5 fF and 7 fF, respectively, which means
that the tunnel junction in panel (a) is more sensitive to the surround-
ing environment. Therefore, the principal impedance resonance ν0 is
visible in panel (a) and not in panel (b). The fit using P (E)-theory
(black lines) is in excellent agreement with the data. The P (E)-
functions extracted from the fits in (a) and (b) are shown on a linear
scale in (c) and on a logarithmic scale in (d). The asymmetry of the
P (E)-function is clearly visible.
well-defined P (E)-function, we can look at its impact on the
details of a quasi-particle spectrum.
The differential conductance dI/dV spectra measured with
the two tips as a function of bias voltage V are shown in
Fig. 3 [31]. Because both the tip and the sample are super-
conducting, the apparent gap in the spectrum has a width of
2(∆t + ∆s). The tip gap ∆t can be slightly smaller than
the bulk value of 180µeV. The most noticeable difference be-
tween the two spectra are the height of the coherence peaks.
We fit the two spectra with the differential conductance model
obtained from the derivative of Eq. 2 in combination with Eq.
1. For the superconducting density of states in tip nt and sam-
ple ns, we use the simple BCS-model [32], explicitly neglect-
ing any intrinsic broadening (e. g. Dynes parameter Γ [6]):
nt,s(E) = n0ℜ

 E√
E2 −∆2t,s

 (6)
For the P (E)-function we use the same values that have been
obtained from the fit to the data in Fig. 2, which means that the
number of fit parameters is reduced to the value of the super-
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FIG. 3: Differential conductance spectra of the superconducting den-
sities of states for two different Al tips on an Al(100) sample. In
order to suppress subgap features, we have measured at low trans-
mission (stabilization at 2 meV and 50 pA). The fits are shown as
black lines with excellent agreement. The superconducting density
of states of both tip and sample was modeled by the simple BCS-
model without any additional broadening parameters.
conducting gap ∆ and an overall scaling factor including the
tunneling resistanceRT . We find excellent agreement for both
spectra using the corresponding P (E)-function and with gap
values of ∆t = 160±2µeV for tip 1 and∆t = 180±2µeV for
tip 2. The sample gap is set to the bulk value ∆s = 180µeV.
In both cases, the height and the shape of the coherence peaks
are quantitatively well reproduced.
By contrast, disregarding the P (E)-function and fitting the
spectra in Fig. 3 with the Dynes equation [6] to account for
the broadening, does not give a satisfactory fit at all (see Sup-
plementary Information [19]). The height reduction in the co-
herence peaks has to be absorbed into the empirical broad-
ening parameter Γ. This leads to the accumulation of quasi-
particle spectral weight inside the gap, which is not observed
experimentally. Therefore, we attribute the much better fit
of the P (E)-function broadening to its inherent asymmetry
strengthening the validity of our approach.
According to the P (E)-theory, the exchange of energy with
the environment during the tunneling process should be an
ubiquitous phenomenon [15]. In the majority of cases, it has
been discussed in the context of dynamical Coulomb blockade
[14, 15, 22, 23] as well as the Josephson effect in the sequen-
tial charge tunneling regime [4, 16, 21]. While in these cases,
the role of the P (E)-theory is obvious, in the present case as
a resolution function in every tunneling spectrum its role is
more subtle, but non-negligible as we will show in the fol-
lowing. Neglecting the asymmetric shape for a moment and
looking at the general broadening effect of the P (E)-function,
we find that the FWHM of the P (E)-function is dominated
by the capacitative noise and is essentially determined by the
junction capacitance CJ as well as the temperature T .
The FWHM of the P (E)-function for typical low temper-
atures (0.01 to 5 K) and capacitances (1 to 50 fF) is shown in
Fig. 4. For comparison, the thermal broadening ∆Etherm of
differential conductance spectra due to the Fermi function is
also shown as a black line (∆Etherm = 3.5kBT ). While the
thermal Fermi function broadening depends linearly on tem-
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FIG. 4: Energy broadening due to P (E)-broadening from the envi-
ronment in comparison to thermal broadening from the Fermi func-
tions as a function of temperature. The P (E)-broadening is shown
for typical junction capacitances that can be found in an STM tunnel
junction. For the total energy broadening both contributions have to
be combined.
perature, we find an overall empirical relation for the effective
energy resolution due to P (E)-broadening, which is a func-
tion of temperature and capacitance ∆EP(E) = γ
√
2ECkBT .
The coefficient γ has an average value of γ = 2.45 ± 0.1,
keeping in mind that the capacitative noise is the dominant
contribution to the FWHM. The P0(E)-function changes the
coefficient γ slightly depending on the actual values of the
parameters. This means that for low enough temperature, the
P (E)-broadening will eventually be the dominant contribu-
tion to the resolution limit, regardless of whether the tip and/or
sample are superconducting or not. We note that this empiri-
cal equation holds for capacitive noise from Cooper pairs. For
noise from quasiparticles, we expect the P (E)-broadening to
be reduced by about one half. At or below 1 K, the P (E)-
broadening definitely has to be taken into account when opti-
mizing the energy resolution. The optimizing strategy will be
to increase the junction capacitance by appropriate ex situ tip
shaping on a macroscopic scale (up to mm-scale). Increasing
the junction capacitance will increase the crosstalk between
tip and sample, so that a trade-off between energy resolution
and STM performance will have to be made.
Due to the asymmetry of the P (E)-function, the spectral
features in the density of states will not only be broadened,
but may also change shape, which can have a strong influ-
ence on the interpretation of experimental data. The asym-
metry evens out for higher temperatures, but at low temper-
atures, it has to be considered as can be seen in the fits of
the differential conductance spectra in Fig. 3. If a symmetric
broadening had been sufficient to fit these spectra, a Dynes fit
would likely have sufficed. We expect the P (E)-broadening
to be most significant on intrinsically sharp spectral features,
such as coherence peaks of a superconducting gap. In addi-
5tion, sharp Kondo peaks with a low Kondo temperature on the
order of 1 K may show an effectively higher Kondo temper-
ature when the P (E)-broadening is not taken into account.
Also, Yu-Shiba-Rusinov states, which have an intrinsically δ-
like spectral appearance [34], will be strongly influenced by
P (E)-broadening.
In summary, we have shown that the interaction of tunnel-
ing electrons with the environmental impedance as well as the
capacitative junction noise limit the effective energy resolu-
tion in spectroscopic measurements of the differential conduc-
tance. The P (E)-function that models the energy exchange
with the electromagnetic environment combined with the ca-
pacitative noise is the energy resolution function of the tunnel
junction. The effect of P (E)-broadening becomes dominant
at or below 1 K and has to be taken into account when optimiz-
ing the energy resolution. In this regime, the quantum nature
of the tunneling process becomes evident, there is virtually no
elastic tunneling, and the surrounding electromagnetic envi-
ronment has to be taken into account.
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6Supplementary Information
TIP AND SAMPLE PREPARATION
The experiments were carried out in an STM operating at
a base temperature of 15 mK [1]. The sample that was used
was an Al(100) single crystal and the tip was an Al wire of
99.9999% purity. The sample was sputtered (Ar+ ions at
500 eV) and annealed in ultrahigh vacuum (low 10−10 mbar
range) in several cycles, while the tip was cut in air, trans-
ferred in vacuum and then sputtered (Ar+ ions at 500 eV) to
remove the native oxide. With a superconducting transition
temperature TC = 1.1K both tip and sample are supercon-
ducting at 15 mK with a fully open gap. The quasiparticle
density of states of aluminum in the superconducting state
has a very BCS-like character with minimal intrinsic broad-
ening [2], which is why aluminum is an excellent material for
demonstrating the broadening effects in a tunnel junction.
MODELING THE IMPEDANCE ZT (ω)
In our STM the surrounding impedance that contributes
to the P (E)-function is the vacuum as well as the tip act-
ing as a monopole antenna with a corresponding resonance
spectrum that depends on the length of the tip [3]. Approx-
imating the resonance spectrum by an infinite transmission
line impedance [3, 4], we find an analytic expression for the
impedance Z(ω):
Z(ω) = Renv
1 + i
α
tan
(
pi
2
ω
ω0
)
1 + iα tan
(
pi
2
ω
ω0
) (7)
where Renv is the effective dc resistance of the environmental
impedance, α is an effective damping parameter, and ω0 is the
frequency of the principal resonance. The parameter Renv is
set to the vacuum impedance of 376.73Ω. The fit parameters
for this impedance are α and ω0.
The total impedance ZT (ω) takes into account the capaci-
tance CJ in the tunnel junction as well:
ZT (ω) =
1
iωCJ + Z−1(ω)
. (8)
Here, the parameter CJ is also a fit parameter.
CALCULATING THE P (E)-FUNCTION
The P (E)-function is commonly defined through the equi-
librium phase correlation function J(t) through [4]:
P (E) =
∞∫
−∞
dt
2pi~
exp[J(t) + iEt/~] (9)
We regard the energy exchange with the environmental
impedance and the capacitative noise from the tunnel junction
as two independent processes, which allows us to separate the
correlation function as:
J(t) = J0(t) + JN (t) (10)
where J0(t) is the phase correlation function from the en-
vironmental impedance and JN (t) is due to the capacitative
junction noise. We can then calculate the corresponding prob-
ability functions separately, where P0(E) is the probability
due to the interaction with the environmental impedance and
PN (E) is due to the capacitative noise. Exploiting the con-
volution theorem, we can calculate the total P (E)-function
through a convolution:
P (E) =
∞∫
−∞
dE′P0(E − E′)PN (E′) (11)
For the calculation of the P0(E)-function for the environmen-
tal impedance, we follow the implementation given in Ref.
[5]. The P0(E)-function is calculated through an indirect def-
inition within an integral equation:
P0(E) = I(E) +
∞∫
−∞
dωK(E,ω)P0(E − ~ω) (12)
where K(E,ω) is the integral kernel. The inhomogeneity
I(E) is defined as:
I(E) =
1
pi
D
D2 + E2
(13)
with
D =
pi
β
ℜZT (0)
RQ
(14)
where β = (kBT )−1, T is the temperature, and RQ =
h/(2e2) is the resistance quantum. The integral kernel
K(E,ω) is defined as:
K(E,ω) =
~E
D2 + E2
k(ω) +
~D
D2 + E2
κ(ω) (15)
with the functions k(ω) and κ(ω) being:
k(ω) =
1
1− e−β~ω
ℜZT (ω)
RQ
− 1
β~ω
ℜZT (0)
RQ
(16)
κ(ω) =
1
1− e−β~ω
ℑZT (ω)
RQ
−
2
β~
∞∑
n=1
νn
ν2n + ω
2
ZT (−iνn)
RQ
(17)
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FIG. 5: Differential conductance spectrum of tip 2 (blue) fitted by
a Dynes function (black) disregarding the P (E)-broadening. The
reduction of the singularity in the coherence peaks to finite values
results in high Γ-parameters, which also fill the gap resulting in an
unrealistic fit.
The Matsubara frequencies νn are defined as ~νn =
2npi/β. Using the inhomogeneity I(E) as a starting value
for the P0(E)-function calculation, the integral equation Eq.
12 can be solved self-consistently. Convergence is usually
reached within a few iterations. Treating the integral as a con-
volution, the calculation can be done very efficiently numeri-
cally. Care should be taken to extend the integral range to suf-
ficiently large energies, while at the same time having a high
enough numerical point density. Other than the impedance
ZT (ω), the temperature T is a fit parameter in this part of the
P (E)-function calculation.
The PN (E)-function for the thermal capacitative noise of
the tunnel junction has proven a non-negligible part of the
total P (E)-function. The low frequency capacitative noise
PN (E) is modeled by a Gaussian [4]:
PN (E) =
1√
4piECkBT
exp
[
− E
2
4ECkBT
]
(18)
where EC = Q2/2CJ is the charging energy for Cooper pairs
(Q = 2e). The PN (E)-function does not introduce any new
fit parameters as the junction capacitance CJ as well as the
temperature T are already defined in the P0(E)-function.
FIT PARAMETERS
In the present work, we find ~ω0 = 233 ± 10µeV, α =
0.7± 0.02, and CJ = 3.5± 0.2 fF for tip 1 as well as ~ω0 =
120±15µeV,α = 0.75±0.05, andCJ = 7.0±0.1 fF for tip 2.
The fitted temperatures were 65±5mK and 92±2mK for tip
1 and 2, respectively. They agree well with the corresponding
parameters in Ref. [3].
DYNES FIT
In Fig. 5, the differential conductance spectrum of tip 2 has
been fitted with the Dynes equation [6]:
nt,s(E) = n0ℜ

 E + iΓ√
(E + iΓ)2 −∆2t,s

 (19)
where the phenomenological parameter Γ introduces a gen-
eral broadening of the BCS density of states. The fit ne-
glects the P (E)-broadening, which means that the reduction
of the singularities to finite values has to be absorbed in the
Γ-parameter. Consequently, the broadening results in a rather
large value Γ = 10.8 ± 0.5µeV. At the same time, there is a
sizeable filling of the gap, which makes the Dynes model un-
suitable for fitting these spectra. In this sense, we attribute the
much better fit using the P (E)-function broadening also to
the inherent asymmetry of the P (E)-function strengthening
the validity of our approach.
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